A procedure is described that allows one to solve the evolution equations in birefringent optical fibers by using repeated diagonalization. With this approach several practical problems are solved in a unified way. Included are evolution in twisted fibers, sinusoidally rocked fibers, and fibers with randomly varying birefringence. In the last case it is shown that a phenomenological model described by Poole and others applies to fibers whose axes of birefringence can take on any orientation.
INTRODUCTION
It is well known that so-called single-mode fibers are actually bimodal because of birefringence.' 3 Values of An/n vary in the range 10-9-10-. Fibers with high or moderate-to-high values of birefringence play a key role in sensors,4-7 gyros, 8 9 switches, [10] [11] [12] [13] rotators, 14 15 and other devices.14'1 6 In these applications the location of the axes of birefringence is known, but random fluctuations along the length of the fiber can degrade the polarizationholding capabilities of the fiber. Kaminow 3 derived a model that describes in an ensemble-averaged sense the decrease in the degree of polarization. Shortly thereafter Rashleigh et al. 1 7 showed that this model applied to single lengths of optical fiber when a broadband source is used. With a sufficiently broadband source excellent agreement is found between theory and experiment. 7 "1 8 In communication systems, by contrast, the birefringence is typically in the range An/n 10-7_10-5, and the orientation of the axes of birefringence is unknown. While little is known about the details of the birefringence evolution along the fiber, it is generally supposed that the birefringence is locally linear and that the strength and the orientation of the birefringence vary randomly on a length scale whose autocorrelation spectrum may have components from a few centimeters to perhaps hundreds of meters.' 9 - 2 4 This random variation leads to polarization mode dispersion, which in turn has important implications for long-distance nonreturn-to-zero 2 5 and soliton 2 6 - 28 communication systems. It is not at all apparent that a coupled-mode approach 2 9 like that of Kaminow 3 will be useful in this context. Yet Poole and co-workers, 3 0 -3 5 who introduced this model phenomenologically to study polarization mode dispersion in communication fibers, and others who have used this model 36 3 9 have demonstrated reasonable consistency with the experimental data.
In this paper we introduce a theoretical framework that allows us to derive Poole's phenomenological model from physically reasonable assumptions about how the random variations in optical fibers occur. In particular, we demonstrate that this model remains valid when the birefringence axes can take on any orientation, and we find the theoretical limitations of this model. Additionally, this theoretical framework also allows us to determine the field evolution in a twisted or spun fiber and the evolution in a fiber with rocked axes. While the results that we obtain for twisted and rocked fiber are already known, 5 1 5 ' 2 1 22 our approach allows us to obtain these results simply and to deal with the evolution in both these fibers and communication fibers with randomly varying birefringence in a unified way.
The remainder of this paper is organized as follows. In Section 2 we introduce the theoretical approach that we use. In Section 3 we describe its application to twisted and rocked fibers. In Section 4, we describe its application to communication fibers with randomly varying birefringence and obtain Poole's phenomenological model from physically reasonable assumptions. Finally, Section 5 contains the conclusions.
THEORETICAL APPROACH
In a perfectly circular fiber the fundamental mode of the fiber is the HE,, mode. This mode exists for arbitrarily small index differences between the core and the cladding and, in the limit as the index difference grows smaller, changes to a plane-wave solution propagating along the axis of the fiber. From this physical standpoint it follows that this mode should be doubly degenerate, as indeed is the case. Any ellipticity in the core or stresses at the core-cladding interface will break this degeneracy, leading to two distinct eigenmodes in which the electric and the magnetic fields inside the fiber have a unique configuration. While the same effect that breaks the degeneracy of the HE,, mode will lead to some alteration in the transverse profile, this breakdown of the degeneracy is so small-less than one part in a thousand in fibers with the largest possible birefringence-that its effect on the transverse profile can be ignored. Hence the transverse patterns of the two eigenmodes are essentially the same and are simply rotated by 900 with respect to each other.
From the preceding discussion it follows that at a given frequency the complex electric field CE propagating along the fiber axis can be written as fE(z,rt) = El(z)4,(rt) + E 2 (z)'2(rt), K2 = 0. We now reduce Eq. (3) by eliminating the phase variation that is not due to the birefringence. We set (1) where z indicates the coordinate along the fiber axis and rt indicates the coordinates transverse to the fiber axis. The vectors T 1 and ' 2 differ negligibly in structure except for a 90° rotation. This structure is for all practical purposes the same as the standard HE,, structure in circular fibers. The complex scalars El and E 2 contain the z-dependent phase evolution of the electric field. Phase differences between El and E 2 accumulate over lengths that are many orders of magnitude greater than the light's wavelength-indeed, many kilometers in the largest stretches of fiber. Thus even small differences in the rate of change of the phase in the two components El and E 2 will lead to measurable effects. It is this fact that lies at the heart of the observed fiber birefringence. In the absence of nonlinear effects in the optical fiber, the two components will couple linearly; thus we may write
which we summarize as d = iKE.
(3) dz
The kij are functions of z whose behavior depends on the details of the variations in the fiber core shape and the stresses that act on the fiber core. Assuming, however, that fiber loss is negligible, the matrix K must be Hermitian; i.e., kll and k 22 must be real and k 2 = k 2 l*. In this paper we also assume that the local fiber eigenmodes are linearly polarized. From a physical standpoint this assumption is equivalent to assuming that the electric and magnetic fields have definite orientations on the length scale of a wavelength, so that there is no intrinsic helicity in the material-a physically reasonable assumption in glass. This assumption is consistent with almost all experimental observations to date, although specially manufactured fibers with intrinsic circular birefringence have been reported. 21 ' 22 From a mathematical standpoint this assumption implies that both k 2 and k 2 l are real, and hence k 2 = k 2 1. We can rephrase these results as follows: defining the standard Pauli matrices,
we find
where ko = (kl + k 2 2 )/2, Ki = (k, 2 + k 2 1)/2, K2 = i(k1 2 -k 2 1)/2, and K = (kl -k 22 )/2. Demanding that the fiber be lossless is equivalent to demanding that ko and all the K be real. Demanding that the local polarization eigenmodes be linear is equivalent to demanding that 
(8)
we find explicitly 0= b cos0 sin0
[sin 0 -cos J (9) where b can be interpreted physically as the birefringence strength and is the angle that the birefringence axes make with respect to a fixed pair of axes.
In polarization-preserving fibers, in which there are a large birefringence and well-defined axes of birefringence, we may assume that 0 is small and randomly varying. In this case, with y = b, Eq. (9) becomes (10) e=[, -b where IYI << b and varies randomly. This random variation leads to a deterioration in the degree of polarization of injected light. This model applies to many practically important situations, including sensors, gyros, and some switches, 4 "' 0 and its solution has been discussed by Kaminow. 3 One might question what is meant by random in this context, since, for this term to have meaning in a physical application, there must be some ensemble over which one is averaging.4 0 It is natural to suppose that the variation of 0 as a function of z will yield the necessary ensemble, but experiments indicate that the lengths of fiber being used in at least two of the applications just cited, sensors and gyros, are too short. Rashleigh et al.' 7 resolved this issue elegantly and completely by showing that an ensemble average over the different frequencies in a broadband source yields excellent agreement between theory and experiment. 1 7 " 8 It is possible, indeed advantageous, to use broadband sources in several of these applications. Thus the applicability of Kaminow's model in the context of polarization-preserving fibers is well understood.
The situation with communication fibers differs in important respects. First, the axes of birefringence are unknown and presumably pass through all possible orientations over a sufficiently long length. Second, one does not typically use broadband sources, and one does typically propagate light over long lengths; hence the appropriate ensemble average should be over distance. Despite these differences, Poole and co-workers 32 34 assumed that Kaminow's model still applies and deduced the polarization mode dispersion from this model. While their experimental tests of this model used ensemble averages over frequency and temperature, 3 3 34 other studies 2 5 28 37 38 indicate that these measurements remain valid when an appropriate ensemble average is taken over length.
Motivated by these observations, we attempt to solve Eq. (9) by repeated diagonalization. This approach yields a physical basis for understanding when the phenomenological model of Poole and co-workers is expected to apply. Moreover, as is noted in Section 1, this approach is also of use in finding the evolution of light in twisted or rocked fiber with moderate-to-high birefringence.
We begin by carrying out the transformation that diagonalizes 0 when 0_. d/dz = 0. Since 0 is Hermitian, this transformation will be unitary, and we find explicitly that UiOU,-' = b3, where
so that the second constraint amounts to demanding that 02,z be large. The physical meaning of the transformation from Eq. (13) to Eq. (15) is not nearly so transparent as the physical meaning of the transformation from Eq. (7) to Eq. (13) . Nonetheless, these two transformations are closely analogous, and we can repeat this procedure an arbitrarily large number of times, obtaining an infinite sequence of transformations. At successive transformations successively higher derivatives of 0 and b appear. When the product of these transformations converges, i.e., when the infinite product V = *.* U 3 U 2 U1 (17) exists, we find A = V-'B., where
dz and 'P. = VOV-1 cx3 is diagonal. Writing the two (12) components of B. as B.,1 and B.,2, we obtain Making the transformation B, = U 1A, we conclude that
Physically we are transforming from a fixed frame of ref- implies that 0. changes on a length scale that is short compared with the birefringent beat length, so that ensembleaveraging over length is possible.
The origin of the second constraint can best be understood by noting that the transformation from Eq. (7) to Eq. (13) is the first in an infinite series of transformations that can be used to completely diagonalize Eq. (7) and hence solve it when the variation of 0 is sufficiently smooth. We obtain the second member of this series of transformations by setting 
. (19) The quantity c. > b is greater than zero. Hence, in an optical fiber whose statistical properties are stationary, it follows that the phase difference between the two components of B. will grow linearly with z on average, as long as 0 and b are sufficiently smooth functions of z to ensure that the infinite product (17) converges. The polarization mode dispersion, which is given by the frequency derivative of the phase difference, will also grow linearly with z. This result differs from both the result of the phenomenological model of Poole and co-workers as well as the applicable experiments, which yield a polarization mode dispersion that is ultimately proportional to z 2 .
It is not surprising that when the product given by Eq. (17) is convergent the dispersion is ultimately proportional to z, since well-defined modes exist that are uncoupled, although their relationship to the local eigenmodes can be quite complicated and, in particular, they can be in any state of polarization as a function of z, not just the linearly polarized states. We thus conclude that the assumption that there is random mode coupling in the fiber depends on the breakdown of convergence of Eq. (17) , which corresponds physically to the presence of abrupt changes in some of the derivatives of b and 0. We will postpone further discussion of the physical conditions under which we can treat mode coupling as random to Section 4. We merely point out here that the assumption that 0, is small in magnitude while 0,, is large is not unreasonable. It corresponds to many small, abrupt twitches in the drawing mechanism as the fiber is being drawn. This sort of behavior is quite common in nature-Brownian motion being a classical example-and it is connected to the fact that the acceleration of physical objects can change abruptly, but their velocities cannot. The product given by Eq. (17) will evidently be convergent when it terminates, as is the case when b equals a constant and 0 equals some polynomial in z. When 0 = e sin fz, it is not apparent that the sequence will be convergent, but it will be useful if fl «< b. Both these cases are of great practical interest, and the transformation approach that we have just described gives a simple, powerful, unified way to determine the evolution. This issue is discussed in Section 3.
APPLICATION TO NONRANDOM VARIATIONS
Twisted fibers with strong birefringence play an important role in a wide variety of fiber devices, including sensors, rotators, and filters, 
This relation can be regarded as a case of the well-known SUM2 -0(3) homomorphism. 4 An equation of motion corresponding to Eq. (7) can be derived for motion on the Poincar6 sphere.
2 3
We have found it useful instead to solve Eq. (7) where Rj,o = Rj(z =0), and we note that
Equation (22) (27) Equations (26) and (27) In the case of a constant angnlar rotation, one must carry out two transformations as described in Section 2. These transformations yield, in sequence, dB, 
Bi(z) [cos(bz)I + i sin(bz)0r 3 ]B,(0).
Using the relation A = U 'B, to return to the original coordinate system, we find
T = U '[cos(bz)I + i sin(bz)0u 3 ]U
= cos(bz)I + icos Oo sin(bz)0r 3 + i sin Oo sin(bz)ou,. 
This result closely resembles Eqs. (27) , but quantities on the Z axis are interchanged with quantities on the Yaxis. 
we find that X, Y1 and Z, do not evolve. More generally, the trajectory on the sphere (X, Y1, Z1) will be circular about the axis given in Eqs. (32) . When we transform back to the original reference frame and calculate X, Y, Z, we find that the motion is a combination of the circular motion given by Eqs. (31) and circular motion about the Z axis, leading to nutatory motion that is like the motion of a spinning top. 45 We do not present the full equation of evolution, as it is lengthy without being physically revealing.
An important result that emerges from Eqs. (31) and (32) is that in the rotating frame given by x = cos(flz), y = sin(flz), where x and y refer to the transverse coordinates of the optical fiber, the fiber appears to be elliptically birefringent. That is the physical meaning of the nonzero Zo component in Eqs. (32) . This occurs even though the underlying local modes of the fiber are linearly birefringent! This behavior contrasts with the situation in which the underlying local modes are elliptical, as would occur, for example, in a fiber whose core is elliptically shaped and fixed in direction but is helically strained. This sort of fiber has been discussed by Rashleigh 2 2 but is difficult to make. 5 It is easier to make the sort of fiber described here, in which the local eigenmodes are linearly polarized but in which twisting leads to elliptical eigenmodes in a rotated frame. 2 2 Elliptical birefringence has implications for nonlinear behavior in optical fibers. In particular, Menyuk 4 6 has shown that the ratio of the cross-phase-to the self-phasemodulation coefficients is given by B = (2 + 2 sin 2 a)/(2 + cos 2 a), where a is the angle of ellipticity. When B = 1, i.e., when tan a = 1/, nonlinear polarization rotation is eliminated. Since this effect is a nuisance in fiber sensors, its elimination would be helpful. It is natural to wonder if this result still holds when a fiber is twisted so that the underlying local birefringence is still linear but there is an elliptical birefringence in a rotating frame. The answer turns out to be positive, as we have recently demonstrated. 4 7 C. Sinusoidal Rocking ( = E sin Qz) Periodically twisted fibers play an important role in a number of fiber devices that do switching and filtering.5,"4," 5 2 . The equations for B, become progressively more complicated, but the qualitative behavior is already apparent from Eqs. (33) . As n increases, the off-diagonal term is multiplied by successively higher powers of fl/b, and successively higher powers of fl/b appear in cn 2 . While it is not apparent that this sequence will be convergent even when fl/b << 1, it is apparent that at least the first few terms are rapidly decreasing, so this expansion will yield a useful approximation. This result is analogous to the theory of the driven harmonic oscillator. 45 It is useful to point out that the trajectory on the Poincar6 sphere is quasi-periodic, a result that is analogous to Bloch's theorem in solid-state physics. 48 To obtain this result, we note that
where m is the integer part of flz/2vr and s is the remainder, so that z = 27rm/fl + s. Since T 1(2r/fl) is a unitary matrix, we may write
where D cos(2ia/fI)I + i sin(27ra/Q)ff 3 is diagonal and R is the diagonalizing transformation, which must be unitary. Defining D(z) cos(az)l + i sin(az)a-3 , we obtain
where S (z) = RTI(s)R D (s) is evidently periodic, with a period 27r/fl. Thus the motion combines the frequencies a and fQ. When these frequencies are incommensurable, the trajectory will ergodically fill some region on the Poincar6 sphere; when they are commensurable, the trajectory will execute a Lissajous figure on the sphere. From Eqs. (33) and the definition of c 2 , we find that a = b + e
APPLICATION TO RANDOM VARIATION
We now turn to calculations of the polarization mode dispersion. We begin by considering once again Eq. (13), dB, = i IB1, (37) dz where
In a similar manner, B, will transform as a function of frequency so that 3 0 - 3 9 dB, iFB, dw (39) where w is angular frequency and F, is a traceless, Hermitian matrix. We now specify physical models for b and 0 that allow us to determine I1 and a"l4/Oa. The quantity b, which measures the birefringence strength, equals half the magnitude of the phase difference per unit distance between the two eigenmodes. To the extent that the phase and the group velocities are the same, which is -10% in optical fibers, 4 9 then b c . It is certainly legitimate to treat the variation of b as a linear function of c over a physically relevant bandwidth, setting b = c + bw, where c and b' are independent of and depend only on z. At the same time 0, which is due to the intrinsic core ellipticity or doping anisotropy, is not expected to depend significantly on c, and we will treat it as depending only on z. We conclude that
To complete our physical description, we must specify the variations of b and 0 as functions of z. We assume that b' is proportional to b with a fixed constant of proportionality, since the phase and the group velocities in optical fibers are nearly the same. 4 9 There is little that is known experimentally about the variation of b and 0, and we consider here two physically plausible models. In the first model we assume that 0 varies randomly, while b and hence b are constant. In the second model we assume that r = b cos and s = b sin 0 vary randomly, are Gaussian distributed, and are uncorrelated with each other. As discussed in Section 2, we also assume in both models that 0/2b is small in magnitude, while (b 2 z 2 -b0_)/2b 3 is large in magnitude on average. We briefly discuss at the end of this section what happens if the assumption that 10 2 /2bi << 1 on average is relaxed.
The physical models that we have described here closely resemble the phenomenological models of Curti et al. 37 and Poole et al. 34 The principal distinction with the model of Poole et al. is that Poole et al. assume that there are three independent driving fields in I1, whereas in our models there are only one or two driving fields. This distinction has no significant effect on the behavior of the polarization mode dispersion. The reason is that in either of the physical models that we are considering, the variable B, is completely randomized over a sufficiently long length, a result that has been amply verified in simulations. 2 850 The same holds for the phenomenological model of Poole et al. Equivalently, one can say that the vector (X1, Y1, Zj) corresponding to B, is randomized on the Poincar6 sphere. Writing F, = fxcr3 + fyu, + fzu2, (42) we find that the effect of the second term in Eq. (40) is to randomize the direction of the vector (fx,fy,fz) without changing its magnitude, which equals Td/ 2 . The first term in Eq. (40) (43) where f is the angle that the vector (fx,fy,fz) makes with respect to the +fx direction. If f is completely randomized over the Poincar6 sphere, then Eq. (43) is precisely analogous to the equation that determines the magnitude of a particle's excursion from the origin in Brownian motion. 3 8 As a consequence, rd will become Maxwellian distributed over a length scale that is long compared with that over which the direction of (fx, fy, fz) is randomized on the Poincar6 sphere, even though, as was pointed out earlier by Poole et al., 3 4 the physical process that we are considering is quite different from Brownian motion.
We next determine the rate at which the expected value of rd increases and find the constraints that 0 and b must satisfy so that we can carry out an appropriate spatial average. This issue is significant, because many experimental measurements of d have been performed with averaging over frequency and even temperature, 3 3 34 while in communication systems it is the spatial average that is of practical importance.
The approach that we follow is closely related to that of Poole. 32 We begin by recalling the relationship Bj(z, a) = T(z, &w)Bi,o, from which it follows that FTj = -i a I = w Ir'= -4 det F, = 4 det(aTj/aow), (44) ( 45) where we note that det T, = 1. It is convenient to use Ti rather than F, to calculate the expectation of d 2 . Assuming that 10,/2b << 1 when averaged over the length of the fiber, the evolution of T, contains a rapidly varying portion that is due to the birefringence, and it is useful to remove this rapidly varying portion so that we can ex-amine the slower variation that is due to 0z. We may do so by defining (46) where
We then find that (47) 
where the primes indicate derivatives with respect to co.
Writing the components of S explicitly so that
-S2 S1
and taking the first derivative of Td 2 , we obtain
where we have neglected the z derivatives of s1, s1', S2, and S2', since we assume that they are slowly varying. Taking the z derivative of Eq. (51), we obtain
Although S is slowly varying, its z derivative varies rapidly, and we can use this fact to replace Si and S2 in Eq. (52) with the integral terms:
and similarly
whore z -; is a length that is long compared with the variation of 02 and short compared with the variations of S, and S2. The assumed existence of this intermediatescale length, of the order of the birefringent beat length, plays a critical role in our argument. We also find
We now define
where we have used the assumed rapid variation of 02 to extend the integral to -oo. The quantity H(z) is closely related to the spectral density of the autocorrelation function R(0z/2). Physically the autocorrelation length must be small compared with the birefringent beat length for H(z) to differ significantly from zero. Using relations (53)-(56) in Eq. (52), we obtain
where we have dropped both small terms and rapidly varying terms that will not contribute on the length scale z -;. The quantity db'/dz is zero in the first physical model, and it is rapidly varying in the second physical model on the length scale z -;, so one might be tempted simply to drop the second term on the right-hand side of Eq. (57). However, the mean of db'/dz varies on a length scale that is comparable with the length scale on which b' itself varies. Hence we keep this contribution for now.
In our first physical model of an optical fiber the birefringence strength is fixed, and we can assume that H(z)
is a constant independent of z. Additionally, we obtain (p = bz and (P' = b'z. In this case Eqs. (51) and (57) are the same as the equations found by Poole 32 and can be dealt with in a similar fashion, although some thought must be given to the appropriate way of replacing the ensemble average over "a collection of statistically equivalent fibers" with a spatial ensemble average. By contrast, in the second physical model, in which b and 0z both vary, they are evidently correlated. When the birefringence strength is larger, the value of 0Z2 will be smaller on average. Since by assumption both b and 0 change slowly, we may replace -p(z) -p(z') in relation (56) with b(z -z'), where b is the local value. As a consequence of the correlation just mentioned, H(z) will have a slow variation on the same length scale on which b changes, and we cannot assume that b and H are uncorrelated. We can, however, assume that Sp and the combination SS1/* + S2S2/* are uncorrelated with b and H over a sufficiently long length, since both So and the combination sIsI * + S2S21* are obtained by an integration from the origin to the local position. After a long length the local contribution of b and H to these integrals will be negligible. From our earlier discussion at the beginning of this section concerning the evolution of the vector (fX, fy, fz), C. R. Menyuk and P. K. A. Wai it follows that this length scale is the scale on which this vector samples the entire Poincar6 sphere. To carry out a spatial average of Eqs. (51) and (57), we must average on a length scale L that is long compared with this randomization distance on the Poincar6 sphere. We must also assume that rd is already large, so that it does not change significantly with respect to its own value over the length scale of the average. Under these circumstances we may define the ensemble average 
where the quantity r is equal 1 in our first physical model but will not equal 1 in general in our second physical model. Equation (60) has the solution 
which equals 0 at z = 0.
The solution that appears in Eq. (61) is physically meaningful at any z when an ensemble average is carried out over different fibers or over frequency and temperature. However, Eq. (61) is physically meaningful only at large z when the spatial ensemble average defined in Eq. (58) ') 2 )z/r(H), exhibiting the linear dependence that is expected for a random walk. While we anticipate on physical grounds that Td 2 0C Z 2 when z is small, it is evidently not possible to relate the coefficient to averaged fiber parameters, since the coefficient will depend on local fiber parameters at z = 0.
In the large-z limit we have determined the dependence of (d 2 ) on averaged fiber parameters ((p   1  ) 2 ), r, and (H) under restrictive assumptions that require that the autocorrelation distance for 0 be short compared with the beat length and that the length scale on which the electricfield vector wanders over the entire Poincar6 sphere be long compared with the beat length. If we relax these assumptions, then we still anticipate from the discussion at the beginning of this section that (rd 2 ) z when z becomes large. Determining the behavior of this coefficient as fiber parameters are varied is of considerable practical importance and will be the topic of future studies.
CONCLUSIONS
In this paper we have developed a procedure using repeated diagonalization, which allows us to solve the equations that govern field evolution in birefringent optical fibers. This procedure allows us to deal in a unified way with several practically important cases. These include twisted and sinusoidally rocked fibers. They also include fibers with randomly varying birefringence. In particular, we have shown that a phenomenological model developed by Poole and other workers applies to optical fibers whose axes of birefringence can take on any orientation.
